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We combined periodic ripples and electrostatic potentials to form curved graphene superlattices
and studied effects of space-dependent Fermi velocity induced from curvature on their electronic
properties. With the equal periods and symmetric potentials, Dirac points would not move but their
locations will shift under asymmetric ones. This shift can be tuned by curvature and potentials.
Tuneable extra gaps in band structures can appear with unequal periods. The existence of new
Dirac points is discussed and these new Dirac points can appear under smaller potentials with
curvature, and their locations can be changed even under fixed potential by adjusting curvature. Our
results suggest that curvature provides a new possible dimension to tune the electronic properties
in graphene superlattices and a platform to study physics near new Dirac points more easily.
INTRODUCTION
Graphene has attracted amounts of researches since it
was realized experimentally in 2004 [1]. Its valance and
conductance band touch at Dirac points (DPs). Near
DPs, energy bands have linear dispersion and electrons
can be described by massless Dirac equations [2].
Graphene superlattices (GSLs) have also been
investigated theoretically and experimentally. GSLs can
be realized by applying periodic [3–10], aperiodic [11–
13] or disordered [14] electrostatic potentials, magnetic
fields [15, 16], combination of them [17, 18] and strains
[19] on graphene. In these structures, people find new
DPs [4–9] and anisotropy Fermi velocity [3–7] etc. These
novel properties can be used to investigate electron’s
motion in it, such as Zitterbewegung [20] and Bloch
oscillation [12]. Building periodic structures, such as
periodic corrugated graphene [21], Moire´ patterns [22]
and heterosubstrate [23], is another method to induce
GSLs. In particular, Moire´ superlattice formed by
twisted bilayer graphene is attractive in these years due
to its novel superconductivity [24, 25]. Since GSLs can
tune electronic properties effectively, they may have giant
applications in electronic or optical devices.
As a two-dimensional material, graphene exhibits
intrinsic ripples to maintain its stability [26].
Controllable periodic corrugated graphene [27–33]
has also been fabricated recently. This curvature can
play significant roles on electronic structures [2, 34, 35],
so it is possible to use it to control electronic properties.
There are two widely used theoretical approaches
to model Hamiltonian of curved graphene. One of
them is quantum field theory in curved spacetime
[36–42]. This method is on the basis of that low-energy
electron in graphene can be described by massless Dirac
equation and graphene is regarded as a continuum
object. One can get Hamiltonian by combing Dirac
equation and metric in curved surface [34]. By this
way, such as topological defects [36] and helicoidal
graphene [40, 41] are investigated, and space-dependent
Fermi-velocity is derived [36, 37]. The other way is
tight-binding model with taking account of hopping’s
change caused by displacements of carbon atoms and
strain [21, 43–45]. It successfully predicts the pseudo
magnetic field [43, 44, 46]. However, both of them have
weakness in roundly describing the curvature’s effects,
so other theories were developed, such as considering
strain into metric [37, 42, 47], using discrete differential
geometry [48], employing metric in reciprocal space
[49] and rewriting Dirac equation to include strain
[50]. In a word, space-dependent Fermi velocity and
pseudo magnetic filed are the most prominent impacts
of curvature.
In this paper, periodic curved graphene superlattices
(CGSLs) are constructed by applying electrostatic
potentials on curved graphene and their electronic
band structures are investigated. Here we mainly
concentrated on space-dependent Fermi velocity’s effects
so we used one-dimensional sinusoidal surface to model
curved graphene and Dirac equation in curved spacetime
to obtain Hamiltonian. Due to the realization of
controllable curved graphene [27–31, 33] and GSLs [9,
22], our proposal may be realizable experimentally.
CGSLs have two periodic structures (i.e. curved
surface and potential). We first study the case of equal
periods and symmetric potentials. The locations of
original DPs are robust against curvature, but the band
structures’ slope near original DP (i.e. Fermi velocity) in
both directions of along and perpendicular to potential
wells decrease. That brings characteristics of new DPs
[6, 7] into original ones. Nevertheless, the DPs can
shift in asymmetric potentials and their displacements
can be changed by adjusting curvature and potentials.
Tuneable extra gaps can also exist with larger periods
of curved surfaces. In addition, zero-energy modes [6, 7]
and existence of new DPs are studied in detail. New
DPs can appear with smaller potential due to the space-
dependent Fermi velocity. The locations of them are
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2also tunable. Since the intrinsic nature of curvature in
graphene, such effects may be not able to be neglected
in experiments. With their prominent roles on electronic
properties, CGSLs can have wide potential in application
or some research on new DPs and transport in GSLs.
MODEL AND METHOD
The low-energy electronic state in monolayer flat
graphene is described by massless Dirac equation, and
its Hamiltonian reads [51]
H = ~vf (kxσx + kyσy), (1)
where vf = 10
6m/s is Fermi velocity, σx and σy are Pauli
matrices, and ~k = (−i ∂∂x ,−i ∂∂y ) is the wave vector from
K point.
Now we turn to curved case. Above discussions have
stated that space-dependent Fermi velocity and pseudo
magnetic fields are two main affects of curvature. Here
we mainly focus on effects of the former, so we choose
Dirac equation in curved spacetime. This method does
not need to consider ripples extend in armchair or zigzag
direction, which is convenient to apply potentials and in
the view of experiments [40].
We rewrite Dirac equation into covariant form to
obtain it in curved spacetime and Hamiltonian with the
method proposed by previous research [34]. In this paper,
we consider a one-dimensional periodic curved surface,
which refers to that the ripples are only dependent on
one coordinate and are written as z = h(x). The line
elements read
ds2 = dx2 + dy2 + dz2 = dx2 + dy2 + (
dz
dx
)2dx2
= (1 + g2(x))dx2 + dy2,
(2)
with g(x) = dzdx = h
′(x), so the metric is
gµν = diag(1,−(1 + g2(x)),−1). (3)
After calculations described in Appendix A, we obtain
Hamiltonian of graphene in this shape as
H = −i~vf ( σx∂x√
1 + g2(x)
+ σy∂y). (4)
Comparing Eq. (1) with (4), we find that graphene gets
space-dependent decreased Fermi velocity in x-direction.
Since we do not take account of discreteness of lattice
and strain induced by ripples and spin connection [34] is
zero in one-dimensional curved surface, our Hamiltonian
can not include the pseudo magnetic field in curved
graphene. However, we only concern about Fermi
velocity and low-energy electronic states here, and GSLs
are also continuum objects and their lengths are larger
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FIG. 1. (Color online) (a) Schematic of one-dimensional
sinusoidal curved graphene and periodic potentials with
square barriers. (b) is profiles of f(x) and symmetric
potentials. Here wA = wB and Tf = Λ. The f(x) has the
same values in A or B regions. (c) is the asymmetric case
wA > wB , and f(x) in A has larger values than B region.
than deformation of lattices. This method is also
appropriate to any ripple directions and more convenient
to considering applied potentials. Besides, the tight-
binding method can not reveal Fermi velocity’s variation
[43]. Although other modified methods can take account
of other effects and derive other forms of Fermi-velocity
[37, 50], they are only different from ours in specific
values. Thus, our concise model can still reveal influences
of renormalized Fermi velocity well and fits this paper’s
concerns.
In previous experimental research, controllable curved
graphene has been realized [27–31, 33] and can be
described by one-dimensional sinusoidal functions well
[29]. Hence we use one-dimensional function z =
h(x) = a0 cos(αx) to model curved graphene here with
a0 and λ =
2pi
α representing amplitude and period of it
respectively. The Hamiltonian can be written from Eq.
(4) as
H = −i~vf ( σx∂x√
1 + a20α
2 sin2(αx)
+ σy∂y)
= −i~vf (σx∂x
f(x)
+ σy∂y),
(5)
where f(x) =
√
1 + a20α
2 sin2(αx) represents the effect
of this curvature. The period of f(x) is Tf =
λ
2 . When
a0 = 0 then f(x) = 1 and Hamiltonian (4) degrades into
(1).
Then we apply one-dimensional periodic potentials
V (x) with square barriers on sinusoidal graphene and
assume it is infinite in y-direction to obtain CGSL. The
schematic of this CGSL is shown in Fig. 1. These
potentials have AB structure with constant value inside
each part and widths are indicated by wA and wB . Thus,
here are two periods in our model (i.e. Tf and period of
potentials Λ = wA + wB), and the lattice constant T of
3a supercell in CGSL is the lowest common multiple of
them.
Since scalar potentials in curved graphene can be
added directly to Hamiltonian [52], we have total
Hamiltonian
H = −i~vf (σx∂x
f(x)
+ σy∂y) + V (x)I, (6)
with 2×2 unit matrix I. This Hamiltonian acts on two-
component pseudospin wave function Ψ = (ψ˜A, ψ˜B)
T ,
and ψ˜A,B indicate smooth enveloping functions for A
and B sublattice in graphene [8]. ψ˜A,B are written as
ψA,Be
ikyy because of translation invariance.
To solve eigenequation of H, we need to obtain transfer
matrix in the way constructed by [8]. The main problem
of this model is that f(x) is a continuous function, so
it is not constant in the mth potential. Therefore, we
divided the mth potential into n parts with extremely
small width. Then we can regard f(x) as constant in
each small part and use the value at the midpoint of jth
part fj to represent it. After this approximation, the
transfer matrix connects wave function from x to x+ ∆x
in the jth part reads
Mj(∆x,E, ky) =
(
cos(qj∆x−θj)
cos θj
i
sin(qj∆x)
cos θj
i
sin(qj∆x)
cos θj
cos(qj∆x+θj)
cos θj
)
. (7)
Although it has the same expression with flat graphene
[8], the parameters in it are totally different, which reflect
the effects of potentials and curvature (see below). In
Eq. (7), θj represents incident angle of wave functions
and sin θj =
ky
kj
, cos θj =
qj
fjkj
with the wave vector
kj =
E−Vj
~vf and satisfying the relation (fjkj)
2 = (qj)
2 +
(fjky)
2. Hence, qj indicates x-component of wave vector
and reads
qj =
{
sgn(kj)
√
(fjkj)2 − (fjky)2, k2j > k2y
i
√
(fjky)2 − (fjkj)2, otherwise
. (8)
The fj reflects the influences of curvature and Eq. (7) is
also valid for flat situation when fj = 1. For the case of
kj = 0, Eq. (7) should be replaced by
Mj(∆x,E, ky) =
(
efjky∆x 0
0 e−fjky∆x
)
. (9)
The determinants of above matrices both fit det[Mj ] = 1.
Detailed parameters and processes for deriving transfer
matrix can also be found in Appendix B. Then we can
find that the transfer matrix connects the two terminals
of the mth potential should be
Mm(wm, E, ky) =
n∏
j=1
Mj(wj , E, ky), (10)
where n is the total number of divided small parts in mth
potential.
For an infinite CGSL system (AB)N with N → ∞,
the electronic dispersion at any incident angle can be
calculated from Bloch’s theorem
cos(βxT ) =
1
2
Tr
T/Λ∏
i=1
(MAMB), (11)
where T is lattice constant of CGSL, Λ is period of
potentials and βx is x-component of Bloch wave vector
of the whole system. This relation is influenced by
two periods Λ and Tf , and one can find their roles
on electronic bands later. If there is a real solution
of βx, an electron or hole state will exist in band
structure, otherwise band structure will show energy
gap. According to this, we can obtain band structures
discussed later and find the locations of DPs.
The transport properties for a finite superlattice
(AB)N system can also be calculated by Eq. (7).
We obtain the electronic reflection and transmission
amplitudes from the the continuity of wave functions [8]
with the property of det[Mj ]=1 as follows
r(E, ky) =
x22e
iθ0 − x11eiθe − x12ei(θ0+θe) + x21
x22e−iθ0 + x11eiθe − x12ei(θe−θ0) − x21 ,
(12)
r(E, ky) =
2 cos θ0
x22e−iθ0 + x11eiθe − x12ei(θe−θ0) − x21 ,
(13)
where θ0 and θe are incident and exit angle through
the superlattice respectively. xij is the elements of the
entire transfer matrix X =
∏N
m=1Mm(wm, E, ky) =∏N
m=1
∏n
j=1Mj(wj , E, ky). Then the transmission
probability reads T = |t|2. These transport properties of
finite systems are another reflection of band structures in
infinite ones.
RESULTS AND DISCUSSION
In this section, we would like to calculate the band
structures of periodic CGSLs from above model to discuss
effects of space-dependent Fermi velocity induced by
curvature. We focus on the location of DPs, effective
Fermi velocity and appearance of new DPs. To make our
results more realistic, we will choose realizable amplitude
and period of curved graphene in experiments. There
are two kinds of curved graphene in experiments. One of
them has amplitude and period with nanometer length
[27] and the other has amplitudes in 0.7nm-30nm and
periods in 370nm-5µm [29]. For convenience, we choose
amplitude a0 and period λ that are in the same order of
magnitude with the latter case (i. e. a0 is of order 10nm
and λ is of order 102nm) in our calculation.
We firstly considered the case for that the potential and
f(x) have the same periods, which refers to Tf = Λ, and
4FIG. 2. (Color online) Electronic band structures for a0 = 0
(a), a0 = 15nm (b) and a0 = 30nm (c). Here VA = 50meV,
VB = 0, wA = wB = 30nm and Tf = Λ = wA + wB . The red
dashed lines denote the locations of DPs associated with zero-
k¯ gap. The black triangle and red circle drops in (d) denote
the values of vx
vf
and
vy
vy0
respectively with different wA,B and
VA. The green lines in (d) exhibit the value of 1/f(x). Here
VB=0 and Tf = Λ.
symmetric potentials with wA = wB . Here, we choose
VA = 50meV, VB = 0 and wA = wB = 30nm, so the
periods of curved surface and f(x) are λ = 120nm and
Tf =
λ
2 = 60nm respectively.
Figs. 2 (a)(b)(c) show band structures of CGSLs with
a0 = 0, 15, 30nm respectively. From these bands, one
can first find that the locations of DPs associated with
zero-k¯ gap [8] are 25meV and robust with different a0.
This is originated from that potentials are symmetric
and Λ = Tf , so f(x) has the same values in the A or
B potential, which is the case shown by Fig. 1(b), and
will also be discussed in detail by a simplified model
later. However, with increasing a0, the locations of
other touching points of subbands with higher or lower
energies are shifted and closer to the one at 25meV. The
widths of gaps associated with them and all subbands
also decrease simultaneously. This is due to the decreased
slope of energy bands in ky-direction with increasing a0.
Meanwhile, the band structures’ slopes in kx-direction
also decrease obviously when a0 6= 0, even though near
the DP with zero-k¯ gap. This property means that
effective Fermi velocity will decrease in both x- and y-
direction near original DPs in CGSLs, and is completely
different from flat GSLs, since near original DPs in flat
GSLs the x-direction Fermi-velocity is unchanged [6, 7].
One can also find this property from the Hamiltonian Eq.
(4). These results suggest that space-dependent Fermi-
velocity induced by curvature works on band structures
FIG. 3. (Color online) (a)-(e) Band structures under
asymmetric potentials. wA = 45nm, wB = 30nm in (a)-
(c), wA = 30nm, wB = 45nm in (d) and wA = 30nm,
wB = 60nm in (e). The amplitude of curved surface a0 = 0,
20nm and 30nm in (a)-(c) respectively. In (d) a0 = 20nm
and in (e) a0 = 24nm. Other parameters are the same as
Fig. 2(a). The red dashed lines denote the DPs’ locations.
The scattering diagrams in (f) are the shift of DPs with
wA = 45nm, wB = 30nm and wA = 60nm, wB = 30nm.
The line are values calculated by Eq. (16) and average of
f(x).
as a special potential and introduces the characters of
new DPs [6, 7] into CGSLs. Hence, CGSLs can be
regarded as a platform to use new DPs’ properties [20].
We also plot the ratio of effective Fermi velocity
between flat and curved GSLs in Fig. 2 (d). Here,
we use vx and vy to indicate Feimi velocity in CGSLs.
In flat GSLs, x-direction Fermi velocity maintains vf
and y-direction one decreases to vy0. It is demonstrated
that with increasing a0 and fixed Tf , the ratio
vx
vf
and
vy
vy0
are both decreased, and vxvf is approximately equal
to 1
f(x)
. The
vy
vy0
is nearly equal to it firstly, but the
distinctions between them increase dramatically with
large a0. These distinctions may be originated from
the variation of f(x), which increases with a0. The
continuous variation of curved surface can produce an
effective potential and it has been derived in helicoidal
graphene [40]. Fig. 2 (d) also suggests that above
relations are also robust against with VA,B and wA,B .
Therefore, the influences of curvature can be represented
partially by f(x) sometimes.
Then we move to asymmetric potentials with wA 6=
wB , and band structures are obtained in Fig. 3. The
most obvious feature in these figures is that DPs are
shifted. From previous research, the DPs’ locations in
flat CGLs should be at 30meV, 20meV and 16.7meV
5[8] under the condition shown by Figs. 3 (a)-(c), (d)
and (e) respectively. Thus, DPs move to higher energy
when wA > wB in Figs. 3 (a)-(c). Opposite conclusion
can be seen in Figs. 3 (c)(d) when wA < wB . This is
because that f(x) has larger value in A than B region
with wA > wB (shown by Fig. 1(c)) and is opposite with
wA < wB . Comparing Figs. 3 (b)(c) or (d)(e), one can
also find that displacements of DPs also increase with
increasing a0 and wA(B).
To understand the robustness or shift of DPs
induced by space-dependent Fermi velocity in different
conditions, we propose a simplified theoretical model
here. We set f(x) in each potential A or B is constant
fA(B) and Tf = Λ. Since the average of f(x) can reflect
some effects of curvature, we set fA(B) as it in the range
of the potential. Then Eq. (11) reduces to
cos(βxΛ) = cos(qAwA + qBwB)
+
cos(θA − θB)− 1
cos θA cos θB
sin(qAwA) sin(qBwB),
(14)
with q2A(B) = (fA(B)kA(B))
2− (fA(B)ky)2. From previous
analysis, when VB < E < VA, the DPs in ky = 0 should
exist and the locations are decided by qAwA = −qBwB
[8]. With ky = 0, it should be fAkAwA = −fBkBwB .
Substituting the expression of kA(B), we get the DP’s
location
E =
fAwAVA + fBwBVB
fAwA + fBwB
. (15)
When fA = fB = 1, Eq. (15) reduces to the flat one.
When fA 6= fB , the locations of DPs may shift, and the
displacement from flat situation ∆ reads
∆ =
(fA − fB)(VA − VB)wAwB
(fAwA + fBwB)(wA + wB)
. (16)
In Fig. 2, f(x) has the same value in potential A and
B since wA = wB , which corresponds to fA = fB and
∆ = 0. In Figs. 3 (b) and (c), fA > fB and VA > VB ,
then ∆ > 0 and DPs shift to the higher energy. Figs. 3
(d) and (e) are opposite. Meanwhile, Eq. (16) also states
that ∆ is proportion to wA,B , which is also consistent
with the conclusion gained by comparing Figs. 3 (d)(e).
In Fig. 3(f), the changes of DPs’ positions with
different a0 and Λ are demonstrated by the scattering
diagrams. One can immediately find that with increasing
a0 and Λ, the DPs shift more, which agrees with Eq.
(16) and suggests their tunability. We also computed
the shift from the simplified model with f(x) and Eq.
(16). These results are shown by the lines and fit the
realistic ones well. Therefore, constructing CGSLs can be
a feasible way to tune the locations of DPs by adjusting
both potentials and curved surfaces. Other ways that
can change Fermi velocity [19, 53–55] are also possible to
tune DPs. Furthermore, one may need to concentrated
FIG. 4. (Color online) Band structures when Tf = 2Λ (a),
1.5Λ (c) and 1.25Λ (e) with a0α =
pi
4
. (b), (d) and (f) show
the electronic states in different Tf and E with fixed ky =
0.02nm−1 and a0α = pi4 . Other parameters are the same as
Fig. 2(a).
on these effects in experiments since the intrinsic feature
[26] of ripples in graphene and potentials may be not
strictly symmetric.
Next we will discuss the condition for Tf > Λ. Here
we plot band structures when Tf = 2Λ, 1.5Λ and 1.25Λ
in Figs. 4 (a) (c) and (e). For analyzing the impacts of
periods, we would like to fix the amplitude of f(x). Note
that f(x) has period dependent amplitude, we should
change a0 and Tf simultaneously to make a0α fixed. We
choose a0α =
pi
4 , which is the same with Fig. 2(b).
Therefore, the locations of DPs and slope of bands are
the same in these figures, but there are some new gaps in
band structures. Besides, the number of gaps increases
from Fig. 4 (a)-(e). That means two different periods
construct aperiodic structures with various orders. The
robustness of locations of DPs are also the same as
aperiodic GSLs [11]. Then we plot the electronic states
versus different Tf and find that with increasing Tf ,
the number of new gaps clearly increases, which means
the order of aperiodic structures increases. These new
gaps are also controllable by adjusting Tf . When Tf is
larger than a specific value, the energy bands become
the discontinuous ones. Our results propose another way
6FIG. 5. (Color online) Electronic band structures when
a0 = 0(a), 40nm(b) and 50nm(c) with wA = wB = 80nm
and Tf = Λ. (d) is dependence of band structures on periods
of potentials with fixed ky = 0.01nm
−1 and a0α = pi4 . Here
wA = wB = w and Tf = Λ = 2w. Other parameters are the
same as Fig. 2(a).
to construct aperiodic GSLs and acquire tunable band
gaps by changing Tf . Meanwhile, curved graphene in
experiments may be not exactly periodic [27], so there
may be some gaps in realistic CGSLs.
Previous studies reveal that new DPs locate at ky 6= 0
could appear with some condition in flat GSLs [4–7], such
as large lattice constants or potentials. Now we discuss
the condition for the appearance of new DPs in CGSLs.
We still consider the simplest situation wA = wB and
Tf = Λ.
We firstly increase the periods of potentials to obtain
new DPs. In Figs. 5 (a)-(c), we plot band structures
with wA = wB = 80nm and a0 = 0, 30nm and 40nm.
It is demonstrated that the slopes of band structures
decrease to nearly vanished and then new DPs appear
with increasing a0. The ky-direction coordinates of new
DPs also increase with increasing a0. These results
illustrate that space-dependent Fermi velocity makes the
existence of new DPs easier. Thus, we plot electronic
states with different wA(B). Comparing it and Fig. 5(d)
in Ref. [8], it indicates that new DPs can exist with
smaller w when a0 6= 0.
The condition for the existence of new DPs can also
be discussed by the simplified model proposed above. It
has been illustrated in literatures [7, 8, 23] and Eq. (14)
that once the condition
qAwA = −qBwB = mpi, m = 1, 2, 3..., (17)
is satisfied under some specific ky, sin(qAwA) =
sin(qBwB) = 0 and cos(qAwA + qBwB) = 1, then
cos(βxΛ) = 1 and βx always has real solution with all
energies. This condition leads to the close of zero-k¯ gap
and a pair of new DPs will appear away from ky = 0. If
we set VA = −VB and wA = wB , then fA = fB = f ,
the DPs should locate at zero energy, so we discuss
E = 0 next, which refers to zero-energy modes studied
by previous papers [6, 23]. Under above assumption, we
obtain
ky,m = ±
√
(
V
~vf
)2 − (2mpi
fΛ
)2, m = 1, 2, 3..., (18)
is satisfied with above conditions. The new DPs will
exist when ( V~vf )
2 − ( 2mpifΛ ) > 0. Therefore, when f > 1,
ky,m can get real solutions with smaller Λ and makes
the generation of new DPs easier. This conclusion is
consistent with Fig. 5(d).
Eq. (18) can also be changed to
ky,m = ±2pi
Λ
√
l2 − (m
f
)2, m = 1, 2, 3..., (19)
with VA = −VB = 2pil ~vfΛ . Here l can represent potential
since it is proportion to VA. In flat GSLs (i.e. f = 1),
a new pair of new DPs are generated once l is a positive
integer number larger than one [7, 23]. In CGSLs, f > 1,
so new DPs can arise with smaller l.
Fig. 6 is plotted to verify the above conclusions. In
Figs. 6 (a)-(d), band structures with different a0 and
fixed l = 1 are plotted. Here, we still use symmetric
potential and Tf = Λ. It is illustrated that the slope of
band firstly decreases to nearly vanished then a new pair
of DPs arise with increasing a0. These phenomena are
totally different from flat ones with l = 1, where the first
pair of new DPs just appear. Then we set some l and
fixed a0 = 15nm to calculate the band structures in Figs.
6 (e)-(h), and show appearance of the first and second
pair of new DPs. It is demonstrated that new DPs can
generate in smaller potential when graphene is curved.
For example, there are only three DPs when l = 2 in flat
GSLs, but five in CGSL with a0 = 15nm. In addition,
the upper row of Fig. 6 suggests that the locations of new
DPs can be tuned by a0 even though with fixed potential
or l, which can not be realized in flat GSLs. Eq. (19) also
denotes that. By comparing the two rows of Fig. 6, one
can also find that the coordinates of new DPs in upper
rows are obviously smaller than ones in the low row due
to smaller l. Our discussions provide a possible method
to adjust the locations of new DPs.
Finally, we would like to talk about the number of DPs
under different l and a0. We compute the zero-energy
electronic states with different ky and l in Fig. 7. When
new DPs appear, states away from ky = 0 will be present
in these figures. Referring to flat situation Fig. 7(a), we
can indicate l at which new DPs arise in (b) and (c).
It is shown that l under this condition is smaller with
increasing a0. The distinctions between flat and curved
7FIG. 6. (Color online) (a)-(d) are electronic band structures with fixed l = 1 and a0 = 0, 15nm, 45nm and 55nm respectively.
(e)-(h) are the ones with fixed a0 = 15 nm and l = 0.9, 1.1, 1.75 and 2 respectively. Energy is in units of e0 =
~vf
Λ
. Other
parameters are the same as Fig. 2(a).
FIG. 7. (Color online) Electronic states in different l and
ky with fixed E = 0. Here a0 = 0(a), a0 = 10nm(b) and
a0 = 15nm(c). Other parameters are the same as Fig. 6. The
red dashed lines denote the appearance of new DPs.
ones also increase with larger l. We can conclude that
space-dependent Fermi-velocity induced by curvature can
arise new DPs with smaller potentials, which means this
changed velocity works as an effective potential. This is
consistent with analysis above and provides a possible
simple way to acquire new DPs and then investigate
properties near them. Since above effects are originated
from the change of Fermi velocity, our results suggest that
forming periodic Fermi-velocity by other ways [19, 53–55]
may also be available.
CONCLUSIONS
In summary, we proposed CGSLs by combing curved
graphene and periodic potentials with square barriers
then investigated their electronic properties. Since we
focus on the effects of space-dependent Fermi-velocity,
we use Dirac equation in curved spacetime and transfer
matrix to gain band structures. For the simplest
situation with equal periods and symmetric potentials,
the DPs will not move but slopes of bands extremely
decrease in both kx- and ky-direction. For asymmetric
potentials and unequal periods, tunable shifted DPs and
extra gaps can appear respectively.
For new DPs, we discussed the condition for their
appearance with symmetric potentials and equal periods
in detail. The condition for obtaining new DPs can
be met more easily when graphene is curved. One can
use this property to create new DPs experimentally to
investigate physical phenomena near them.
Finally, we would like to emphasize that we reveal part
of space-dependent Fermi-velocity’s impacts on electronic
properties. Although curvature can bring other effects,
such as strain and pseudo magnetic field, they are not
reflected by our model and need to be analyzed by
other means such as tight-binding model with elastic
theory. Thus, it is valuable to discuss these effects with
more perfect method in the future. Since the ripples
in graphene are intrinsic, the effects of them in GSLs
should not be neglected in some cases. The controllability
of them also provides a new tool to adjust electronic
properties in CGSLs.
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APPENDIX A. HAMILTONIAN OF CURVED
GRAPHENE
Here we refer the process derived by previous research
[34] to obtain Hamiltonian with one-dimensional curved
surface. According to Eq. (1) and Dirac equation
i~ ∂∂tψ = Hˆψ, we get it in covariant form
i~γ¯µ∂µψ = 0, (20)
with µ = 0, 1, 2 represents time, x and y coordinate.
We first use natural units vf = 1 during calculations.
The short lines on the above of γ¯µ illustrate flat
case and γ¯µ should satisfy anticommutation relation
{γ¯µ, γ¯ν} = 2ηµνI with Minkowski metric ηµν =
diag(1,−1,−1). γ¯µ = (σ3,−iσ2, iσ1) with (σ1, σ2, σ3) =
(σx, σy, σz) are Pauli matrices. These γ matrices fit above
anticommutation relation.
Then we rewrite Eq. (20) into curved case [34], which
reads
i~γµDµψ = 0. (21)
with metric gµν . There are two differences between
curved and flat equations [34] (1) Fielbein fields eµa need
to be introduced to indicate the change of γµ, which
is γµ = eµa γ¯
a. Here the symbols without short lines
mean curved case. Fielbein should fit conditions that
gµν = ηabe
a
µe
b
ν , γ
µ calculated from Fielbein should have
{γµ, γν} = 2gµνI and the determinants of metrics are
[det(gµν)]
1/2 = det(eaµ). (2) Differential operator should
be Dµ = ∂µ + Ωµ and spin connection is
Ωµ =
1
4
eνa(∂µe
b
ν − Γλµνebλ)γ¯aγ¯b, (22)
with Christoffel symbol Γλµν =
1
2g
σλ(∂gνσ∂xµ +
∂gµσ
∂xν − ∂gµν∂xσ ).
After substituting Eq. (3), we gain that
eaµ = diag(1,
√
1 + g2(x), 1), (23)
and Ωµ = 0. After substituting them into Eq. (21),
multiplying σz in both sides of equation and adding vf ,
we obtain Eq. (4).
APPENDIX B. TRANSFER MATRIX FOR CGSL
After acting Eq. (6) on Ψ = (ψ˜A, ψ˜B)
T =
(ψA, ψB)
T eikyy, we can get{
1
f(x)
d
dxψA − kyψA = ikψB
1
f(x)
d
dxψB + kyψB = ikψA
, (24)
where k = E−V (x)~vf is the wave vectors inside potentials.
Due to the square barriers of potentials, V (x) in mth
potential region maintains constant Vm. Next we divide
the potential region into n parts so f(x) changes little
inside each part, then f(x) in the jth part can be
regarded as constant fj . With this approximation, Eq.
(24) turns to{
d2
dx2ψA + f
2
j (k
2
j − k2y)ψA = 0
d2
dx2ψB + f
2
j (k
2
j − k2y)ψB = 0
. (25)
The following processes will be the same as Ref. [8].
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